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1. Introduction 

Asymmetric orbifolds 0] have played a prominent role in constructing string back- 
grounds with phenomenologically interesting features PJ^,^j5|,|6|,|7|J^,Pi p!0|JIlIl ■ In particular, 
they provide interesting non-supersymmetric string theories as well as dS-like backgrounds. 
From a conformal field theoretic point of view, asymmetric orbifolds are of interest since 
they provide a way to construct new non-diagonal, so-called heterotic modular invariants, 
see e.g. |T2[ and references therein. 

Despite the large literature on asymmetric orbifolds, little is known about D-branes in 
these backgrounds. Some results for specific orbifolds have been obtained in [ D5yi3 ,I5,rB 



but a complete understanding still seems to be lacking. One natural candidate for a 
symmetry that acts differently on left and right moving degrees of freedom is T-duality. 
Orbifolds including an element of the T-duality group have been considered in 0,[3],[|,[7],|8| in 
the context of non-supersymmetric string compactifications. In this paper we will construct 
the D-brane boundary states in a bosonic relative of these models. While this model is 
only a toy model, some of the techniques we shall discuss will generalise to orbifolds of the 
superstring. 

Our construction also possesses a few novel conformal field theoretic features. Al- 
though it is rather straightforward to construct a class of boundary states that are invari- 
ant under the orbifold action, it is typically difficult to construct D-branes that couple to 
states in the twisted sector of an asymmetric orbifold. In order to obtain such boundary 
states in our example, we will have to consider D-branes that preserve the maximal chiral 
symmetry only up to an automorphism of the symmetry algebra. Symmetry breaking 
boundary conditions, in particular for simple chiral algebras, have been studied e.g. in 
0S5EI9®^i»^3il' The orbifold chiral algebra that we shall encounter here consists 
of powers of a simple chiral algebra, and thus allows for extra outer automorphisms, which 
act as permutations on the factors (compare ||25|1 )' . In fact we will be able to construct all 
boundary states that preserve the orbifold chiral algebra up to an arbitrary automorphism. 
Taken together, these boundary states couple to all different sectors of the theory. 

The plan of the paper is as follows. In section 2 we describe the model we are discussing 
and fix the notation. In section 3 we explain that the asymmetric orbifold can alternatively 
be described as a simple current extension of the su(2)\ diagonal theory. The permutation 



t Orbifolds of a closed string theory by a permutation group have been discussed e.g. in 
[2|,|3J2|,|9|. 
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branes of this diagonal theory are constructed, and the NIM-rep property of the twisted 
fusion algebra is checked. In section 4 we then construct permutation branes for the 
asymmetric orbifold and verify Cardy's condition. Section 5 explains how to generalise 
the construction to 'conformal' boundary states, and how superpositions of conventional 
Dirichlet- and Neumann-branes fit into our picture. Our conclusions are contained in 
section 6. There are three appendices where some more technical details are spelled out. 

2. The setup 

In this paper we shall be interested in the following asymmetric orbifold. Consider the 
toroidal compact ificat ion of the (bosonic) string on a 4-torus at the SO (8) point. At this 
point in moduli space, the theory is simply the (diagonal) level k = 1 sb(8)i Kac- Moody 
theory. Let us choose the Cartan-Weyl basis for the generators of sb(8)i, and let us denote 
the 'Cartan generators' by H^, while the 'root generators' are E%. We are interested in 
the orbifold action that acts on the left-moving currents as 

9l : E^ a -> -E* a , W n - -Hi, (2.1) 

while the action on the right-movers is trivial, gn = I. The invariant algebra for the 
left-movers is then 

({E a -E~ a \ae A+}> , (2.2) 

which is isomorphic to A 9 L = sb(4)i © sb(4)i. The invariant algebra for the right-movers 
is obviously A 9 R = sb(8)i. The action ( |2.1| ) can be thought of as some form of T-duality 
along the four torus directions"'". 

In order to describe the action of gi on the four different representations of sb(8)i it 
is useful to decompose them with respect to A 9 L . Let us label the representations of the 
sb(4n)i chiral algebra by o, v, s, c, and let us distinguish the two so(4) copies by / and II. 
Then the relevant decomposition is 





v> = 1 


ip = -l 


<i/so(8) 
' L o 


= (Hi ® Hi 1 ) 6 


3 (Hi ® Hi 1 ) 


n_/so(8) 
' L v 


= (Hi (8 Hi 1 ) 6 


9 (Hi ® Hi 1 ) 


<iyso(8) 
' L s 


= (Hi (8 Hi 1 ) 6 


1 (Hi® Hi 1 ) 


0/^(8) 


= (Hi ® Hi 1 ) a 


9 (Hi® Hi 1 ) 



■f As is explained in [ p^| , this transformation differs from the usual T-duality transformation 
by a rotation on the right-movers. 
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On these representations g^ then acts as ip = ±1. 

The orbifold defined by g does not satisfy the level matching condition. Indeed, since 
we invert four left-moving modes without modifying the right-movers, the energy shifts of 
the left- and right-moving ground state in the twisted sector are 

A - = Ts + T4 = l A « = °- (2 ' 4) 

and thus the action by g is not consistent by itself. The apparent level-matching problem 
( |2.4|) of the orbifold by g can be cured by introducing additional shifts in the Narain lattice. 
Let us denote the inequivalent choices as in by 



l-^.-^V A 2 =(^=,o], A 3 =(-^,--^). (2.5) 



2v / 2'2v / 2;' VV2 ' 7 ' V2V/2' 2^2 J ' 

On states with momentum and winding (pl,Pr) = ( Z ^T' I ^7fO these shifts act via the 
phase exp(27rip ■ A), i.e. as 

(-ir, (-1)-+-, (2.6) 

respectively. 

For the supersymmetric version of this theory, a resolution of the level-mismatch has 
been discussed earlier in the literature 0,|3|,0|| . To this end, one combines the orbifold 
action with a shift by A\ along all four torus directions. This resolves the level-matching 
problem since the shift changes the right-moving ground state energy in the twisted sector 

A 2 

by Afl = 4^^- = j, while it does not contribute to the ground state energy of the 
left-movers, since the left-movers are reflected (and the shift can therefore be undone). If 
this resolution is applied to the bosonic theory in question, the resulting theory becomes 
actually left-right symmetric, and is therefore not of immediate interest. 

In order to obtain a genuinely asymmetric orbifold, we therefore choose another way 
of satisfying the level matching condition which is similar to what was proposed in || . Let 
us compactify the theory on an additional circle for which we choose the radius to take 
the self-dual value, and combine g with an A 2 shift along this additional circle, 

TL(s) x 2l (2) //=((-!)£, A 2 ) . (2.7) 
The additional shift changes the left-moving ground state energy by 

A L = i -^f= 1 -, A R = 0, (2.8) 
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and therefore resolves (|2.4| ). The shift A<i of ( |2.5| ) has the action 



ijj' = 1 V' = -1 

(2.9) 

H T i= H ,i ®H 0A © 

su(2) 

where for j = 0, 1 denote the two irreducible highest weight representations of su(2)i. 
The spectrum of the resulting theory is then genuinely asymmetric, and is explicitly given 

as 

ftc/ = ({Hi® Hi 1 ) © ?C (8) © (Hi® Hi 1 ) ® 7C (8) 

© (H T S ® H 1 /) ®H° o(8) © (Hi® Hi 1 ) ©^ o(8) ) ®Ho,i®H ,i 

© ( ( ® w; 1 ) ® ?c (8) © ( © ) © ?c (8) 

© (Hi® Hi 1 ) ®H s s o{8) © (Hi® Hi 1 ) ®H s c o{8) ^j ®H ljl ®H hl 

h t = ((Hi® Hi 1 ) ® ?c (8) © © w^) © ?c (8) 

© (Hi® H 1 /) ® H s c o{8) © (Hi® H 1 /) ® 7if (8) ) © (W 0> i®Wi,i) 
© ( (W* © ) © ^ o(8) © © ) © ^ o(8) 
© (Hi® Hi 1 ) ® H s v o{8) © (Hi® Hi 1 ) ® H s o{8) ) ® (Hx, x ®H Q ,i), 



(2.10) 



where 7iy and denote the untwisted and twisted sectors, respectively. Here the repre- 
sentations have been written in terms of the chiral algebras 

A L = so(4)i © «b(4)i © 3w(2)i , „4 fl = sb(8)i © Su(2)i . (2.11) 

The maximal diagonal chiral subalgebra is therefore 

A di a g = sb(4)i © sb(4)i © 352(2) i 351(2) ® 5 . (2.12) 



For definiteness, we identify the first two su(2)s with the first so(4) in (|2.12|) , and the 



second two su(2)s with the second so(4). Furthermore, we identify the representations of 
sb(4)i with those of su(2)i © sw(2)i as 



O~(0,0), F~(l,l), 5^(1,0), C~(0,1). (2.13) 
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3. Permutation-twisted boundary states 

The main aim of this paper is to construct all the D-branes of the asymmetric orb- 
ifold that preserve (|2.12| ) up to automorphisms. This is to say, we want to construct the 
boundary states that preserve 

Un-^-J) |a» = 0, (3.1) 

where J% is a current in (|2.12| ), and a is an arbitrary automorphism of Adiag- In particular, 
we are interested in D-branes that couple to the twisted sector states of the asymmetric 
orbifold. It is obvious from (|2.10| ) that the boundary states that involve Ishibashi states 



from the twisted sector components can only arise for automorphisms a that are outer. 
The group of outer automorphisms of Adiag is isomorphic to the permutation group in five 
objects, S5, where a G £5 acts on the su(2)i factors as 

a : ^(2)f } -> ^(2)^ } • (3.2) 

For fixed a G S5, the boundary states that satisfy ( |3.1| ) can be written in terms of the 
(T-twisted Ishibashi states, 

|ar = 5> ajl |ir, (3.3) 
1 

where a labels the different a- twisted boundary states, while \l)) cr denotes the a- twisted 
Ishibashi state that originates from the representation of Adiag ® Adiag 

(h, h, h, U, h) ® o" -1 (h, h, h, U, h) , k = 0,l. (3.4) 

In principle one could now go ahead and determine the set of cr-twisted Ishibashi 
states for each element a £ S§, and then make an ansatz for the boundary states that 
can be written as a linear superposition of these Ishibashi states. However, the discussion 
simplifies drastically if we relabel our theory as follows. Let us redefine the right- moving 
chiral algebra A^ iag by exchanging the second and fifth su(2)i factors. (In terms of the 
boundary states in (|3.1|) this amounts to replacing a by a (25).) After a little calculation 
one then finds that, with respect to this redefined chiral algebra, the spectrum of the theory 
simply becomes 

H= 1®1 © 01® Jl. (3.5) 
Ji=+i Ji=+i 



Here 1 = (hjhjhjhjh) labels representations of su(2)f, and the sum runs over all such 
representations for which the eigenvalue J\, defined by 

equals +1. Furthermore, the 'simple current' J acts on 1 as 

J(h, k, h, U, h) = (h + 1, h, h + 1, k + 1, h + 1), (3.7) 



where addition is understood modulo 2. The first sum in ( |3.5| ) is the subsector of the 
diagonal su(2)f theory that has eigenvalue +1 under the action of J, while the second sum 
describes the J-twisted sector. We can therefore think of this theory as a simple current 
extension of the original diagonal sw(2)f theory (see for example [^lj|32| , |33| ,^4| ) . As an aside 
it may be worth pointing out that the first and second sum of (|3.5| ) (i.e. the untwisted 
and twisted sector of the simple current extension) do not correspond to the untwisted and 
twisted sector of the original orbifold in (|2.10| ) , respectively. In order to construct D-branes 
for the theory in question, it is now convenient to begin with constructing permutation- 
twisted branes for the diagonal su(2)f theory. 

3.1. Permutation-twisted boundary states for su(2)i 

The construction of the permutation-twisted boundary states can actually be formu- 
lated more generally for the diagonal su(2) ™ theory, and we shall therefore be more general 
in the following (compare also ||25|| ). In particular, we shall show that the boundary states 
we construct satisfy the various Cardy conditions |55 



Suppose a is a permutation in S n , and m is a a-twisted representation of su(2) For 
each such m we define the a-twisted boundary state as 

Mr = ^^=iir, (3.8) 



, /So, 

where the sum runs over the sectors 1 = . . . , l n ) of the diagonal sw(2)J theory for which 
<t(1) = 1, So \ is a product of n su(2)x S'-matrices, and { is the cr-twisted S'-matrix. In 
order to define the latter, consider the 'twining character' 

X^/r) = Tr Hl ^q L °- c/24 ) , Q = ^ , (3.9) 



6 



which is non-zero if and only if 1 is invariant under a, a(l) = 1. Under the S'-modular 
transformation these twining characters transform into characters of cr-twisted representa- 
tions*, 

Xi (<r) (-l/r) = ^^ )1 X lSl (r), (3.10) 

m 

where 

Xm(r) = TW<Z L °- C/24 ) , q = e 2 ™ T . (3.11) 

The number of cr-twisted representations always equals the number of a-invariant repre- 
sentations, and, in fact, 1 is actually a unitary matrix. 



The formula ( |3.8|) is a natural generalisation of the formula proposed in |pffi , |18| . In the 
following we want to show that it satisfies the Cardy condition. The Cardy condition states 
that the overlap of two boundary states must give rise, after an S'-modular transformation, 
to a positive integer linear combination of (twisted) characters of the chiral algebra. The 
calculation of the overlap between two boundary states can be reduced to the overlap of 
two Ishibashi states. The overlap between the latter can be easily calculated, and it is 
given as 

-«l| g ^o+£o-c/12)| kr = 5l)kX (-- 1 )( g)) (3.12) 

where X\ aT \o) is the twining character ( |3.9| ). Since only the a-invariant states contribute 
to the twining character, it is obvious that 

x[ a) (q)=x[ a ~ 1 \q)- (3-13) 
Furthermore, since each permutation commutes with Lq, the identity 

X { r\q)=X ( r\q) (3-14) 

holds. In particular, it therefore follows that ( |3.12| ) also equals 

-((l|^(Wo-c/l2)| k)) r = S^x^iq) = SiMX^iq) = *l,k xf'^iq) ■ (3.15) 

With these preparations it is now immediate to write down the overlap between two bound- 
ary states, 



a 



( Q a \ CGT 1 QT 



. , ^0,1 . 

p 1 p 



(3.16) 



* A twisted representation of a chiral algebra is, by definition, the same as an untwisted 
representation of the corresponding twisted algebra, see [36] for an introduction. 
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where p labels the set of err 1 -twisted representations of su(2)™, and q = e 2 W T . The 
Cardy condition is thus satisfied provided that 

( Q a \ Ocrr -1 QT 

^-Aft* = E V 1 a ~ ( 3 - 17 ) 

^ ^0,1 

are non-negative integers; this can easily be confirmed explicitly case by case. It is clear 
from the results of appendix B that our formula for the boundary states agrees with the 



more explicit formula given in |2q1 ; the fact that our boundary states satisfy the Cardy 
condition follows then also from the analysis given there. Finally, we have given a more 
abstract proof of this property in appendix B. 

It is very tempting to identify (|3.17| ) with the fusion rules describing the fusion of the 
r-twisted representation m with the crr _1 -twisted representation p to give the cr-twisted 
representation n. Formula ( |3.17|) generalises then the Verlinde formula to twisted fusion 



rules; it is a natural further generalisation of the formula proposed in |2!| (see also pl| , p7| ). 
For a specific example we have checked that (|3.17| ) does indeed describe the twisted fusion 
rules; this is described in appendix C. 

3.2. The NIM-rep property 



If the integers (|3.17| ) describe the twisted fusion rules, they must define a non-negative 
integer matrix representation of the fusion rules (or NIM-rep for short) . This is to say, the 
matrices ( |3.17| ) must satisfy 

E (fJ ' T)A/ p"m (T ' P) -^ = E ia ' p) ^ (fJp_1 ' rp " 1) ^. (3.18) 

m f 

Here k and n are p-twisted and cr-twisted representations, respectively, and the sum on the 
left hand side runs over all r-twisted representations m, while the sum on the right hand 
side runs over all crp _1 -twisted representations f . Furthermore, p and q are ar _1 -twisted 
and rp~ 1 -twisted representations, respectively. 



To prove (|3.18|) we write the left hand side as 

( OCT \ QT CCTT _1 ( QT \ QP QT P 

\ D n,lJ D m,l D p,l ^ D m,l'y k,l' q,l' 



Sn 1 Sn 
m 1,1' U,i U ' 



E 



(3.19) 



! ^0,1 $0, 
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where the sum over 1 in the first line extends over all a- and r-invariant representations, 
while the sum over 1' runs over all r and p-invariant representations. In going to the second 
line we have used that S T is unitary; the sum over 1 in the second line extends over all 
representations that are simultaneously cr-,r- and p-invariant. ( |3.19| ) has to equal the right 
hand side of (|3.18| ) 

( Q°" V QP q cr P~ 1 ( c°"P~ 1N \* qctt^ 1 qTp" 1 

^2 ("-V"- 1 )^ = J2 E — '' ' 



#0,1 #0,1' 

(3.20) 



, So,i So.i 

where the sum in the last line is over a-, r- and crp _1 -invariant, and hence also p-invariant, 
representations 1. This then agrees with ( |3.19| ). 



4. Permutation-twisted D-branes in the asymmetric orbifold 

Let us now return to the description of the D-branes in the asymmetric orbifold. 
Recall that the asymmetric orbifold could be described as a simple current extension of 
a tensor product of su(2)i theories ( |3.5|) . In the previous section we have shown how to 
construct the boundary states for this tensor product theory. Now we need to implement 
the simple current extension. Let us begin by defining an action of J on the set of cr-twisted 
representations by 

Given the structure of S a described in appendix B, this prescription defines the action of 
J uniquely. 

The boundary states can now be constructed as for usual simple current extensions 
I9|,20| . There are two cases to distinguish. If a given twisted weight m is not a fixed point 



under the action of J, the boundary state is defined by 

||[m]r=i=(||rhr + ||Jm)n . (4.2) 

Here \\m)) a and || Jm)) CT are boundary states of the diagonal su(2)f theory defined by (|3.8|). 
The sum in (|4.2| ) guarantees that only J-invariant Ishibashi states contribute. These 
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boundary states therefore only involve Ishibashi states that come from the first sum in 
( |3.5|) . They are labelled by J-orbits, where [m] denotes the orbit with representative m. 

On the other hand, if m is invariant under the action of J the above construction 
has to be modified. A a-twisted representation m is invariant under J if and only if a 
has the property that J\ = +1 for all 1 in the su(2)\ theory for which <r(l) = 1. (The 
simplest example for such a permutation is a = (1345).) If this is the case, then there 
exist non-trivial Ishibashi states from the J-twisted sector, i.e. from the second sum in 
( P . 5|) , and conversely, whenever such Ishibashi states from the J-twisted sector exist, the 
corresponding permutation has fixed points. In fact, for each such permutation there is an 
equal number of Ishibashi states from the J-untwisted and the J-twisted sector of ( |3.5|) . 
In order to see this, observe that there is a a-twisted Ishibashi state from the first sum in 
( pT5|) for each representation 1 with J\ = +1 that satisfies 

er(l) = l. (4.3) 

On the other hand, there is a a-twisted Ishibashi state from the second sum in (|3.5|) for 
each representation 1 with J\ = +1 that satisfies 

a(Jl) = 1. (4.4) 

Every solution to Q4.4f ) can be obtained by adding all solutions of (|4.3|) to one fixed solution, 
lo, of (O). (As always, addition is understood mod 2 here.) In particular, their number 
is therefore the same. 

We have now assembled all the notation necessary to describe the boundary states 
for those permutations that have J-fixed points. These boundary states are labelled by a 
a-twisted representation m together with one additional sign. Explicitly they are given as 

i*. ±K = ^ fe ^= ir ± E J|= i 1 + • ( 4 - 5 ) 



1 V 

The Ishibashi state \l)) a lies in the 1 (g> 1 sector of (|3.5|) , while the Ishibashi state |1 + lo))' 7 
lies in (1 + 1q) <8> J(l + lo)- Both sums run over the a-invariant representations of sw(2)f 
with Ji = +1. The set of boundary states is independent of the special solution 1 to (|4.4|); 
in fact, we have 

||m, ±))f o = ||m, ±(-l)*'( 1 °- 1 o)))- , (4.6) 
where the inner product of a-invariant and a-twisted representations is defined by 

"Srii,i+k = (~l) m k ^Si,i 5 (4-7) 
where k is a a-invariant representation of su(2)f . 
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4-1- The analysis of the overlaps 

In the previous subsection we have described the cr-twisted boundary states of the 
asymmetric orbifold. It should be clear from the description of the twisted ^-matrix in 
appendix B how to write down these states explicitly. Given these explicit descriptions, it 
is easy to check by hand that the boundary states do indeed satisfy the Cardy condition. 

Now we want to give a more structural argument to this effect. Since there are two 
types of boundary states (namely those defined by (|4.2|) and those defined by (|4.5|) ), there 
are three cases to consider. First we analyse the overlaps between two boundary states of 
the form flO|). Using (|3J6|) it follows that 



p 

= E( A/ ?,m+^ Jlh ) Xp(q), 



(4.1 



where we have dropped the superscripts (a, r) and have used that 



( Q a \ Q T C(TT 1 ( QO \ QT QCTT 1 

Afe = £ ^ c = E J ' ( J ') V ' c = A/p^ • (4.9) 



The case when one of the two boundary states is of the form G4.5| ), is very similar. In this 
case one finds that 



p 

= \Yl( N t™+ N l%) (4.10) 
p 

= E A/ P fi -^^)' 



where we have used ( [4.9| ) in the second line, and the invariance of n in the last. 

Finally, suppose that both boundary states are of the form fl4.5|), with 'in'-state 
||n, ±))^ and 'out'-state ||m, ±))£ . By the same argument as in Q4.10|) , the contribution 
from the first sum in (4J3) gives rise to 



*£<*X*(«)- (4-11) 



2 
P 
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On the other hand, the contribution from the second sum in (O) depends on whether 
there are weights 1 in sw(2)f that satisfy simultaneously ( f4.4|) with a and r. If such a 
weight 1q exists, then the contribution from the second sum in ( |4.5|) gives 



= ic-D-O--) £ fe^fe^ ^ (4-12) 

2 V V S °>» 

p 

where we have used ( |4.6[ ). Depending on whether the signs of the two boundary states 
are the same or opposite, ( f4.12| ) has to be added or subtracted from ( |4. 1 1| ) . In either 
case, taking both terms together we obtain a non-negative integer linear combination of 
characters in the open string. 

Finally, if none of the su(2)\ weights satisfies ( f4.4j ) simultaneously for a and r, the 
contribution from the second sum in (|4.5| ) vanishes. If this is the case, then one can show 
that for one of the sets Ti defined in appendix B, m in (B.6) is non-zero. This implies that 
the coefficients ( |4.11| ) are actually even integers. The coefficients in ( |4.11|) are then again 
integers, thus proving the Cardy condition. 



5. Some generalisations 

Up to now we have only discussed the D-branes that preserve the su(2)\ symmetry up 
to outer automorphisms, i.e. that satisfy ( |3.1|) with a G S$. It is relatively straightforward 
to include also inner automorphisms. The group of inner automorphisms is isomorphic 
to SU(2) 5 , and it acts on the algebra s£t(2)f by conjugation. The induced action on the 
boundary states is simply given by the global action of SU(2) 5 on the right-moving states, 
say. Since this action corresponds to a marginal deformation by a local field, the resulting 
boundary states satisfy the relevant consistency conditions (3^ . 



It was shown in that the D-branes that preserve the conformal symmetry Vir for 
su(2)i, necessarily preserve the full chiral algebra su(2)i up to an inner automorphism. It 
therefore follows that the D-branes that preserve su(2)f up to an inner automorphism in 
SU(2) 5 account already for all D-branes that preserve Vir 5 . We have therefore managed 
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to construct all D-branes that preserve Vir 5 up to the outer automorphisms that are 
isomorphic to S5. 

The orbifold we have been considering acts as (some version of) T-duality on the 
four-torus part. One would therefore expect that the theory has D-branes that are simply 
superpositions of Dp-D(4-p) branes. In addition to this T-duality, there is the shift action 
along the additional circle; the pairs of branes will therefore be localised at opposite points 
along the fifth circle. 

The combinations of Dp-D(4-p) branes preserve the full chiral algebra (|2.12| ) up to 
certain inner automorphisms. In terms of the original description of the orbifold theory 
( p,10|) , the corresponding boundary states therefore only involve Ishibashi states from the 
untwisted sector. Following the discussion leading to (|3.5|), they correspond to (25)-twisted 
boundary states in the second formulation of the theory. Since a = (25) does not have 
any fixed points (in the sense discussed above in section 4), the corresponding boundary 
states then also only involve Ishibashi states from the first sum in ( |3.5| ). Of the 32 = 2 5 
representations of su{2)\ , 16 = 2 4 representations are invariant under the action of (25). 
There are therefore sixteen (25)-twisted representations of sw(2)f, each of which lies in an 
orbit of length two under the action of J. Thus there are eight different boundary states 
that satisfy (|34]) with a = id. We want to show that these eight boundary states can 
be identified with combinations of D0-D4 branes, where the position of the D4-brane is 
shifted along the fifth circle relative to the position of the DO-brane. 

Recall from appendix B that the (25)-twisted S'-matrix is simply a product of four 
S'-matrices of su(2)i. One of the (25)-twisted representations, that we shall denote by 
in the following, has thus the property that 

A(25) _ J_ _ 1 r - - 

for all (25)-invariant representations 1 of sit(2)f. The boundary state associated to 
via (|4.2| ), I [6]))( 25 ), is therefore simply the sum (with overall normalisation 2 -1 / 4 but 



without signs) of the eight (25)-twisted Ishibashi states coming from the first sum of (3.5). 
Alternatively, it is the same sum over the eight (untwisted) Ishibashi states coming from 
the untwisted sector of ( |2.1Q ). 

The same boundary state can now be obtained starting from the original sb(8)i © 
su(2)i theory as follows. Consider the Cardy boundary state associated to the repre- 
sentation (o,0) of sb(8)i © su (2)i. From a geometrical point of view, this boundary 
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state describes a single DO-brane. By the usual Cardy formula the boundary state is 
the sum (with overall normalisation 2 -3 / 4 but without signs) over all eight Ishibashi states 
of sb(8)i © sw(2)i. Because of the decomposition ( |2.3[ ), each such Ishibashi state is the 
sum of two su(2)\ Ishibashi states, and therefore the Cardy state corresponding to (o, 0) 
is the sum of sixteen Ishibashi states of sb(8)i © su(2)i (with overall normalisation 2 -3 / 4 
but without signs). Finally, when we impose the orbifold projection, only half of these 
Ishibashi states survive, and the overall normalisation becomes y/2 2 -3 / 4 = 2 -1 / 4 . The re- 
sulting boundary state therefore agrees with the boundary state |[6])) < - 25 - ) described above. 
On the other hand, the action of the orbifold acts geometrically on the SO (8) lattice and 
the circle, and simply maps the DO-brane to a D4-brane located at the opposite point of 
the extra circle. 

We have therefore shown that the boundary state ||[6]))( 25 ) describes the boundary 
state 

|[fi]» (aB) = ^(|D0,x» + |D4,x + 7r J R B ») • (5-2) 

Similarly, the other seven (25)-twisted boundary states can be obtained by the same con- 
struction starting with the Cardy state corresponding to some other representation of 
sb(8)i © su(2)i; they therefore describe combinations of D0-D4 branes where the position 
of the DO-brane is at a different point in the 50(8) torus. It should also be clear that the 
combinations of Dp-D(4-p) branes can be obtained from the above by the action of the 
inner automorphism of SU(2) 5 . 

6. Conclusions 

In this paper we have determined the boundary states for an asymmetric orbifold 
of the bosonic string. More precisely, we have constructed all the boundary states that 
preserve five copies of the Virasoro algebra at c = 1 up to permutations. The corresponding 
D-branes include the usual superpositions of Dp-D(4-p) branes that only couple to the 
untwisted sector of the asymmetric orbifold. However, we have also constructed branes 
that couple to twisted sector states. 

The boundary states that only couple to the untwisted sector of the orbifold involve 
at most eight Ishibashi states; their overall normalisation (which is proportional to the 
tension) is therefore at least 2 -1 / 4 . These boundary states therefore do not describe the 
'lightest' D-branes. Indeed, some of the boundary states (for example those that correspond 
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to a = (25) in the first formulation of the theory) involve sixteen Ishibashi states, and the 
overall normalisation is then 2 _3//4 . It would be interesting to understand the geometrical 
interpretation of these boundary states. 

The techniques we have employed in our construction should generalise to other asym- 
metric orbifolds. In particular, it would be interesting to apply these ideas to superstring 
orbifolds, for example the one considered in ||. 
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Appendix A. Character and Theta-function conventions 

In this paper we are using the theta functions 



e m , k ( q )= Yl ^ k 



(A.1) 



which have the modular transformation properties 



IT 



n£Z/2fc 



r / fc Q n , k and T6 m , fc = e™ m ' */ 2k 6 m , fc . (A.2) 



The two characters of su(2)i corresponding to j = and j = 1/2 are denoted by %o an d 
Xi, respectively. They are related to the theta- functions (|A.1[) as 



Xo(q) 



77(g) 



Xi(q) 



e M (g) 
77(g) 



(A.3) 
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where 77(g) is the Dedekind eta-function 

00 

v ( q ) = q -m JJ(l- g "). 

71=1 

The modular S'-matrix of su{2)\ is then given by 

S 



su(2)i 



— ( l 1 



The functions ( |A.1| ) are related to the usual 6i Jacobi theta-functions as 
-) M (r/2) = ^/e ,i(r)ei,i(r) = 9 1)2 (r) + e 3 , 2 (r) 



2 (r) = 9 



3 (r) = e ,i(r/2) = 0, 



) ,4(r/2) + e 4 , 4 (r/2) = ^/e^r) + 0? 

= e ,2(r) + e 2 , 2 (r) 

(?4(r) = e ,i(r/2,z = 



^e , 2 (r)-e 2 , 2 (r) 



1/2) = e , 4 (r/2) - e. 



i,i(r) 

) 4 , 4 (r/2) = ^/eg^M-e^Cr) 



In terms of these, the (specialised) characters for sb(2p)i, p G IN, are 

op sqv av _ 



O- 



'2 P 



f)P _l_ If f)P f)P 

V3 + ^4 y _ ^3 ~ ^4 

2r]P ' 2p ~~ 2r/P 



and their modular transformation matrices are 

/I 1 1 
11 -1 

1 -1 e ~W2 

Vi 



S2 P - C 2P - ^ 



2?7P ' 



(A.4) 



(A.5) 



(A.6) 



(A.7) 



a „ 1 

<3 SO (2p) - « 



1 \ 
-1 

_ e -ip7r/2 



T so (2p) — 



J 



f 1 








\ 





-1 














e ipn/4 





Vo 








e ipn/4 J 



(A. 



Appendix B. The Cardy condition for the permutation-twisted boundary states 

Let us first compute the cr-twisted S'-matrix for su(2)j\ where a G S n . Suppose first 
that a consists of a single non-trivial cycle of length k > 1. Then there are 2 n ~ k+1 a- 
invariant representations of su(2)^; they can be labelled by . . . , l n -k, I), where I is the 
representation label for the k representations that are permuted among each other by a. 
The twining character is then 



n—k 



4L., ln _ k , l) (<i) = xi(<i k ) IlxiM- 



(B.l) 



j=l 
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Upon a modular transformation this becomes 

n—k 

X(?,...,/ n _ fcl 0(9)= E S^x^) \[Su, mi XmM, (B.2) 

(mi,..,m„_ t ,ra) i=l 

where all S-matrices here are the S-matrix of su{2)i. The characters XmiQ 1 ^) can be 
identified with the a-twisted characters of su(2)i, and thus the twisted S'-matrix is simply 
a suitable product of S-matrices of su(2)i. It is easy to see that this argument generalises 
directly to the case of an arbitrary permutation: if a has c a cycles (counting trivial cycles) 
then the a-invariant representations are labelled by c a labels (each of which can take the 
values 0, 1), and the a-twisted S'-matrix is the product of c a S-matrices of su(2)i. 
With these preparations we can now show that the coefficients (|3.17|) 



( Q a \ Q T Qctt 1 

define indeed non-negative integers. (The following argument is similar to the argument 
given in appendix A of pBfl .) The idea of the argument is to reduce this expression to 
a product of conventional fusion rules of su(2)i, using the Verlinde formula. The main 
problem in doing so is that the sum over 1 only runs over those indices 1 = (h, ■ ■ ■ ,l n ) that 
are simultaneously invariant under a and r. Furthermore, if we write out the twisted S- 
matrices in the numerator in terms of the S-matrices of su(2)i, there are only c a +c T +c aT -i 
S-matrices, whereas we would need 3n S-matrices in order to group them into Verlinde- 
formula expressions. 

For each % 6 {1, . . . , n} let us denote by Ti the subset of labels in {1, . . . , n} that have 
to take the same value as U in the sum over 1 above, i.e. lj = h for j G fj. In order to 
prove the above formula we can consider each such set at a time (since the total formula 
will just be the product of the expressions corresponding to each such set). Without loss 
of generality, let i = 1, and let T\ = {1, . . . , r}. Let us restrict a, r and err -1 to the set 
T\ = {1, . . . , r}, and let s be the number of cycles of a among T\ (including trivial cycles). 
Similarly, define t to be the number of cycles of r, and u the number of cycles of err -1 . 
The contribution to ( p.3| ) coming from T\ is then 



Sni,Z ■ ■ ■ S Ub j S mi J ■ ■ ■ S mt j S pi: i ■ ■ ■ S Puj i 
Sqa ■ ■ • So, 



1=0,1 
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where the product in the denominator contains r powers of Sqj, and we have used that S 
is real. Next we want to turn this into r sums by inserting the identity 

S.SgjSgJI = 8i }V (B.5) 
a 

r — 1 + m times, where m is the non-negative integer defined by 

s + t + u + 2m = r + 2. (B.6) 

(As we shall see momentarily, ( p.6| ) defines indeed a non-negative integer to.) We can then 
distribute the remaining factors of S as 

kj-l _ Sni ,h Smi ,h ^ai ,h ^ai ,h ^n 2 ,h Sg 2 ,h Sg r _ 1+m j r S rnt) l r S Pu j r 

— 4 ' Sn /. Sn /„ Sn i 

7 | „ f7 1 i ' 1 ' 2 ' r 

tl,...,t r "1 5 • • • ;<^r— 1+m 

(B.7) 

Each sum over li gives now a fusion rule coefficient via the Verlinde formula, and it is 
therefore manifest that N' is a non-negative integer. 

It therefore only remains to prove (|B.6| ). This can be done by induction on r. The 
case r = 1 is trivial. Assume therefore that the statement holds for r — 1, and let a and 
r be as above. Then we can find transpositions (jr) and (kr) (where either j or k but 
not both may be equal to r) so that a = (jr)a' and r = (/cr)r', where a' and r' leave r 
invariant. Thus a' and r' satisfy the assumptions of the statement with r — 1, and we have 
that s' + 1' + u' + 2m' = r + 1, where s', t' , and u' are defined in the obvious manner. By 
construction 

s if j ^ r ( t if k ^ r 

t>={ ^ (B.8) 

s — 1 if j = r [t — 1 if k = r. 



s' 



The number of cycles of a permutation is the same in each conjugacy class, and therefore 
u is equal to the number of cycles of the permutation 

(kr)aT~\kr) = (k^ij^a'r'- 1 . (B.9) 

Now the product (kr)(jr) is equal to 

(kr) if j = r 



(kr)(jr) 



(jr) if k = r 

(B.10) 

id if j = k 7^ r 
k (jkr) otherwise. 
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Thus it follows from (HOT) that 



{u if j = r or k = r 
(B.ll) 
u — 1 if j = /c 7^ r. 

So if j = r or k = r or j = k ^ r, then s' + t' + u' = s + 1 + u — 1, and the induction step 
follows (with m = m'). This leaves us with analysing the case when j ^ k with neither j 
nor k equal to r. The answer then depends on whether j and k lie in the same cycle of 
crV -1 or whether they do not. In the former case, the permutation in ( |B.9p is 

(jkr) (j v\V2 ■ ■ ■ vl k W1W2 • • - wm) (other cycles) 

(B.12) 

= (j v\Vi ■ ■ -vlt) {kw\W2 ■ ■ - wm) (other cycles) , 

and thus u' = u — 1, and hence s' + t' + u' = s + t + u — 1. As before the induction step 
then follows with m = m' . In the other case we have instead of ( |B.12| ) 



(jkr) (j V\V2 • ■ • vl) (kwxwz ■ ■ ■ wm) (other cycles) 

(B.13) 

= (j v \v 2 ■ ■ ■ vl k w\W2 ■ ■ ■ wmt) (other cycles) , 

and thus u' = u + 1, and hence s' + 1' + u' = s + 1 + u + 1. In this case the induction step 
follows with m = m! + 1- This proves the statement ( |B.6| ). 



Appendix C. Twisted fusion rules 

In this appendix we want to demonstrate that for a simple example ( |3.17|) does indeed 
describe the twisted fusion rules. The example we want to consider is su(2)\, where 
a is the transposition that exchanges the two factors of su(2)i. As was explained in the 
previous appendix, there are two cr-twisted representations. Every cr-twisted representation 
of su(2)f defines an untwisted representation of sw(2) 2 ©Vir 1 / 2 , where Vh^ is the Virasoro 
algebra at c = 1/2. t In general, an irreducible a-twisted representation of su(2)1 will 
contain a number of irreducible representations of su{2) 2 © Vir^- 

' In the general case where a is a permutation acting on sii(2)™ with c cycles of length U > 1, 
i = 1, . . . , c, the relevant chiral algebra is 

c 

£g SU(2)1. © Mrem , 
i=l 

where A4 re m is a chiral algebra of suitable central charge. 
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In order to determine the characters of the twisted representations let us consider the 
twining characters 



TrH ^oK L °-^) =Xo(q 2 ) = = X^ (q) Xo(q) - X?\q) Xl/afa) , 

^n^nA<yq L °-^)=Xi{q 2 ) = = -xf\q)Xi/2(q) + X?\q)Xo(q), 



(CI) 



which we have written in terms of (conventional) characters of su(2)2 © Vir^- (The 
characters of sw(2)2 are denoted by Xj (?)> while the characters of Viri/2 are Xh{q)-) 
Upon an S-modular transformation we then find 

(a) (fl 3 3/ X /2 + Q 2 3 /2 ^ 

m 2r] 2 



q .A" > _ \~ • "J "2 
° Xn ®H —~ 

—j= ( (Xo 2) + X2 2) )Xi/i6 + Xi (2) (Xo + X1/2) 



v/2 

q(t) _ l^3 ^2 -^3 ^2 



(C.2) 



( (Xo 2) + X2 2) )Xi/i6 - Xi (2) (Xo + X1/2) 



f2l 

The characters of the twisted representations are therefore xu — Xi (Xo + X1/2) an d 

f2l (21 

XV = (Xo + X2 JXi/16, and the S-matrix is given by 

S=^m(] \), (C3) 



in agreement with the discussion of the previous appendix. Furthermore, the two twisted 
representations U and V decompose with respect to su(2)2 © Viri/2 as 

U = H {2) © (H ®H 1/2 ) , V= (^ 2) ©^ 2 2) ) ®Wi/ie- (C4) 

The conjectured formula for the twisted fusion rules ( |3.17|) now predicts that the 
fusion rules are 

M(o,o)=M(i,i)=( 1 J J , Af (1>0 )=JV (0)1) = (J J), (C.5) 

where (l,m) labels the untwisted representation of su{2)\, and the matrix acts on the 
space of twisted representations with basis U and V. These fusion rules are in agreement 
(and could have been derived) from the description of these representations in terms of 
su{2) 2 © Viri/2- For example, the representation (1, 1) corresponds to (j = 0, h = 1/2) © 
(j = 2, h = 0) of sw(2) 2 © Vhi/2, and therefore the fusion of (1, 1) with U(V) can only 
contain U(V). Similarly, (1,0) corresponds to [j = l,h= ^) of su(2)2 © Viri/2, and 
the fusion of (1,0) with U(V) can therefore only contain V(U). The other two cases are 
identical. 
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